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. Abstract 

In this paper we characterize the source-free Einstein-Maxwell spacetimes which have a 
trace-free Chevreton tensor. We show that this is equivalent to the Chevreton tensor being 
of pure-radiation type and that it restricts the spacetimes to Petrov types N or O. We prove 
that the trace of the Chevreton tensor is related to the Bach tensor and use this to find all 
Einstein-Maxwell spacetimes with a zero cosmological constant that have a vanishing Bach 
^ ■ tensor. Among these spacetimes we then look for those which are conformal to Einstein 

I spaces. We find that the electromagnetic field and the Weyl tensor must be aligned, and in 

l> . the case that the electromagnetic field is null, the spacetime must be conformally Ricci-flat 

^5 ' and all such solutions are known. In the non-null case, since the general solution is not known 

(<~^ ■ on closed form, we settle with giving the integrability conditions in the general case, but we 

I do give new explicit examples of Einstein-Maxwell spacetimes that are conformal to Einstein 

. spaces, and we also find examples where the vanishing of the Bach tensor does not imply 

I that the spacetime is conformal to a C-space. The non-aligned Einstein-Maxwell spacetimes 

with vanishing Bach tensor are conformally C-spaces, but none of them are conformal to 
^ ' Einstein spaces. 
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. 1 Introduction 

X, 

^ , In this paper we first continue the characterization of the Chevreton tensor in four dimensional 

source-free Einstein-Maxwell theory. This leads to a new relation between the Chevreton tensor 
and the Bach tensor, and this then allows us to give a "factorization" of the Bach tensor, which 
we apply to investigate source-free Einstein-Maxwell spacetimes that are conformal to Einstein 
spaces. 

The Chevreton tensor was introduced in 1964 [9] as an electromagnetic counterpart to the 
Bel- Robinson superenergy tensor for the gravitational field [2l[3]. It is given by 

HabcdV^ ll]Fl2]} = Tj(^afecd{V[i]F[2]} + TcdabV^ ll]F[2]}) , (1) 



where 



TabcdV^ [1]F[2]} — — ^ aFce^ bFff — ^ aFde^ hFc + Qab^ fFce^ ^ Fd^ 

+ ^Qcd'^aFefVbF'f - ^gabgcd^eFpN^Ff^ (2) 
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is the basic electromagnetic superenergy tensor [24] . Like all superenergy tensors it satisfies 
the Dominant Property {Habcdvfv2V^vf > 0, for all future-directed causal vectors vf) [SllM]- 
For source-free electromagnetic fields the Chevreton tensor is completely symmetric in four 
dimensions [B]. In Special Relativity it is divergence- free and in Einstein-Maxwell theory it has 
been shown to give rise to conserved currents for hypersurface orthogonal Killing vectors |14j . 
The trace of the Chevreton tensor, Hat = Habc'^, is a symmetric, trace-free, and divergence-free 
two-index tensor p] . The spinor form of the Chevreton tensor is given by 

HabcdV^ [1]F[2]} =^ AB'^CD^ A'B'^C'D' + ^ BA'^CD^ B' A'^C D' 

+ ^ CD'^AB^ C'D^A'B' + ^ DC'^AB^ D'C'^A' B' ■, (3) 

and the spinor form of the trace is given by 

Hab = Habc" = -'iVcC'VAB^^^'^A'B' ■ (4) 

In section [2] we study the case when the Chevreton tensor is trace-free. We prove that 
this is equivalent to the Chevreton tensor being of pure-radiation type and that it restricts the 
spacetime to Petrov type N or O. We show that the cosmological constant must be zero and we 
get a number of restrictions given in terms of the GHP spin-coefhcient formalism. In section 5 
we use this to find all such spacetimes. 

In section [3] we give the relation between the trace of the Chevreton tensor and the Bach 
tensor. Hence, the solutions in section 5 are also those source-free Einstein-Maxwell spacetimes 
with a zero cosmological constant that have a vanishing Bach tensor. 

The problem of finding spacetimes that are conformally related, cjab = e^^Qab-, to Einstein 
spaces, satisfying 

Rab - ^Rgab = 0, (5) 

is an old problem that dates back to Brinkmann's work in 1924 [7]. The vanishing of the Bach 
tensor is a necessary condition for finding such a transformation [16]. Several attempts have 
been made in the literature to find conditions that are sufficient, and useful conditions have 
been found for all Petrov types excluding type N [TH [28] . For the special case of spacetimes 
conformally related to empty (or Ricci-fiat) spaces, Rab = 0, sufficient conditions have been 
given for the type N case by Czapor, McLenaghan, and Wiinsch [IT], but the general case of 
conformally Einstein spaces has proven to be very hard to analyze. Szekeres [26j does give 
sufficient conditions, but they involve solvability of differential equations. In the n-dimensional 
case conditions have been found in the generic case [T5l [T7]. 

In section m we look at the integr ability conditions in Einstein-Maxwell spacetimes for finding 
a scalar that transforms the spacetime into an Einstein space. 

In section [5] we find the spacetimes for which the Chevreton tensor is of pure-radiation type. 
These correspond to all Einstein-Maxwell spacetimes with a zero cosmological constant that have 
a vanishing Bach tensor. We divide them into three cases. In the case when the electromagnetic 
field and the Weyl tensor are non-aligned we find that there are no conformally Einstein space 
solutions. In the case of an aligned null electromagnetic field all solutions are conformally Ricci- 
fiat and they were previously found by Van den Bergh [12j . The aligned non-null case contains 
a subset of conformally Einstein solutions. We are not able to fully determine this set, but we 
do give some explicit solutions. 
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1.1 Conventions 

We assume that spacetime is a four dimensional Lorentzian manifold of signature (+, — , — , — ) 
and we follow the conventions of [21] and [22j . though we set SttG = 1. The Einstein-Maxwell 
equations are given by 

Rab — -^Rdab = —Tab = '^FacFi,^ — -gabFcdF"^, (6) 

where i? = 4A and A is the cosmological constant. The electromagnetic field Fab = —Fba satisfies 
the source-free Maxwell equations 

V'Fab = 0, (7) 
^laFbc] = 0. (8) 

The spinor version of these equations is given by 

Tab = 4:ipAB'^A'B' = '^^ABA'B', (9) 

A = ^A, (10) 
o 

V^^Vab = 0, (11) 

where ipAB is the Maxwell spinor and ^abA' B' is the Ricci spinor. We note that the last equation 
can be written as 

VcC'V'AB = "^C'iC^AB)- (12) 

The Bianchi identity is given by 

V^'^'^ABCD = 2^e'^'Vb^'^CD, (13) 

where "^abcd is the Weyl spinor. 

In the calculations we will also make use of the Newman-Penrose (NP) and Geroch-Held- 
Penrose (GHP) spin-coefficient formalisms [21] • We will mainly use the GHP formalism since it 
offers several advantages over NP for algebraic computations. 



2 Vanishing trace of the Chevreton tensor 

In this section we investigate the consequences of the Chevreton tensor being trace-free, Habc'^ = 
Hab = 0. This is equivalent to 

VcC'<^Ai3V^^>A'B' = 0. (14) 

The simplest solution to this equation is that the electromagnetic field is covariantly constant, 
^ CC"-PAB = 0, which is satisfied if and only if the Chevreton tensor is zero, Habcd = plj. The 
only solution with this property is the Bertotti-Robinson solution [25], which is given by 

ds^ = (sinh^ xdt^ - d^^ - sin^ ^d^^ - dx^) , (15) 
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and is of Petrov type O. We will thus assume that the Chevreton tensor is not identically zero, 
then Vcc'^AB / 0, and we have an equation of the type 

Sabcc'Sa'B'^^ = 0, (16) 

with solution |21j 

Sabcc = {ococ + iPcPc')VAB- (17) 

We want to show that Sabcc is proportional to oaobococ ■ Assume that oaP^ / and let 
(o"^, i^) be a spin-basis, then the symmetric spinor r]AB can be decomposed as 

rjAB = AOAOB + BOA^B + BlaOb + CiAiB- (18) 
By the source-free Maxwell equations p^ . Sac*^ c = 0) so 

(o^oc + i[i^!3c'){AoAOc + Boalc + Blaoc + Ciaic) = 0- (19) 
Expanding this gives 

- BoAOa - CiAOc + iPc'/3^{AoAOc + Boalc + Blaoc + CtAic) = 0. (20) 
Contracting with /J*^' gives 

P^'oc'{Boa + Cla) = 0. (21) 

Thus, either oa and Pa are proportional, or B and C are zero. For the second case, equation 
([^U]) also gives us that oa and (3a are proportional. Hence, we have that 

Sabcc = ococVab- (22) 

The source-free Maxwell equations (|12|) imply that 

oc'o'^ilAB = oc'0^r]AB = 0, (23) 

so 

^ccfAB = Sabcc = Vococ'Oaob, (24) 

where the scalar 77 is assumed to be nonzero. We note that the spin-boost weight of rj is 
{—3, —1}. Also, with l"" = 0^0^ , if the Chevreton tensor is trace-free, then it will be given by 
Habcd = ^VV^ah^Jd- On the other hand, if the Chevreton tensor is given by Hated oc lahlJd, 
where 1°" is a null vector, then it is trace-free. Hence, 

Theorem 1. The Chevreton tensor is of pure-radiation type, Habcd lahlJd, where 1°" is a null 
vector, if and only if it is trace-free, Habc^ = 0. 

We can now substitute with equation ()24|) whenever we have a derivative of the Maxwell 
spinor present. We start by examining the expression 

^ C{C^^ D')'fAB =^CD"fAB = —^CD'A^^EB — ^CD'B'^fAE 

= - 2(pc'D'iVA^fEB + fB^fAE) = 0, (25) 
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where in the last step we used the Einstein-Maxwell equations (|9]). But from we also have 
that 

2Vc(c/V D')VAB =^CC"^ D'fAB + ^CD'^ C'VAB 

cciilOD'O^ oaob) + Vcd'{iioc'o'^oaob) 

=oaobii{o^"^cc'Od' + ob'^cc'O^ + o^Vcd'Oc + oc^^cd'O^) 

+ oaob{o'^oc'Vcd'11 + o'^OD'ycc'i]) 

+ 7]od'o'^{oaVcc'Ob + obVcc'Oa) 

+ r]Oc'0^\oAVcD'OB + obVcd'Oa) 
=0. (26) 

Contracting this with gives 

OD'O^O^VcC'OB + Oc'O^'o^VcD'OB = 0. (27) 

Now, contracting with o*^' gives 

O^O^O^'VcC'OB = 0%0B = K = 0, (28) 
and contraction by l^' l^' gives 

o^o^i^'Vcc'OB = o^doB = a = 0. (29) 

The vanishing of k and a implies that l"" = o^o^' generates a shear-free geodetic null congruence 
[22| . The Bianchi identity (|13p is now given by 

V^^'^ABCD = 2^E'^ r]0^' OBOCOD- (30) 

Thus one contraction of abcd with gives zero, and this together with the fact that 

1°" generates a shear-free geodetic null congruence gives us, via the generalized Goldberg-Sachs 
theorem {22j, that abcd has as a four-fold repeated principal null direction, 

^ABCD = "^iOAOBOcOD- (31) 

The spacetime is thus of Petrov type N or O. We state this as a theorem. 

Theorem 2. If the Chevreton tensor in source- free Einstein-Maxwell theory is trace-free, then 
the spacetime is of Petrov type N or O and the electromagnetic field satisfies 

^ CC'^AB = VOC'OCOAOB, (32) 

where in Petrov type N, o^ coincides with the principal null direction of the Weyl spinor. 

If the spacetime is of Petrov type O, i.e., ^'ascd = 0, then the Bianchi identity gives us that 
fABO^ = 0. Hence, the electromagnetic field is null, with ipAB = 4'20aob, and the solutions are 
given by [25] 

ds^ = -dx^ - dy^ + 2dudv + Ko{x^ + y^)f'^{u)du^/2. (33) 
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= o'^o^'Vcc'^AB 


= 0, 




= ifVcC'^PAB '■ 


= riOAOB 


dipAB 


= 0^ i^'VcC"PAB 


= 0, 




= o^'\I cc>H>AB 


= 0. 


in the 


spin-basis is given 


by 



To continue the characterization we decompose the derivative of the Maxwell spinor into its 
spin-basis components. First, 

(34a) 
(34b) 
(34c) 
(34d) 



H^AB = 4>20AOB - (t^lioAiB + ^AOb) + (pO^Al^B- (35) 

Thus, the first equation gives 

OAOB^(t>2 + 4'2{0A^0B + Ob\>Oa) - (oA^B + l'A0B)t>4>l 
- 4'l{oAi>l'B + I'Bi^OA + OB^iA + ^Ai^OB) 

+ iAL-Bi>^0 + (po{L-Ai>I^B + I^Bi>I^A) = 0. (36) 

Contracting this with o^o^ , o^l^ , and l^l^ gives 



Ho = 0, (37a) 

i>h = -</.or', (37b) 

i>^2 = -I^it'. (37c) 

Likewise the three other equations give 

|>Vo = -20ir, 500 = 0, 5>o = -2</'ip, (37d) 

= -4>oi^ - 4'2T, d(j)i = -(pop, d'cpi = -cpoa' - (j)2P, (37e) 

i>'(j)2 = v-'i(f>W, d(f)2 = -2(t>ip' , d'^2 = -2(t>i(j'. (37f) 

With these equations the only information that remains of the Bianchi identity is 

J>*4 = P^i - 2^orj, (38a) 

(9^'4 = - 24>ir]. (38b) 

Knowing all the components of the derivatives of the electromagnetic field allows us to 
calculate all commutators for (pQ, <pi, and (p2 to extract more information. We start with applying 
commutators to (po, which is a {2,0} weighted quantity, 

{^i>' - i,'^) <Po = {f- T')d<Po + (r - f')d'<Po - 2(-tt' + $11 - A)(/>o. (39) 

Using the above equations (f37|) and the GHP equations give 

-201 ((r-f')p + «>oi) +2ttVo 

i(r-r') + 2TT>o + 2^1100 -2A0O, (40) 
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or 

A0O = 0, (41) 

where we have used ^n^o = ^oi(l>i- Next, 

{i>'d' - d'i>') cPo = p'd'cPo + a'dcPo - fi>'<Po - n'ixpo + 2(pk' - ra')0o, (42) 
which reduces to 

A(^i = 0. (43) 

The other commutators on cpo are identically satisfied or reproduce the same conditions as those 
above. 

Continuing with (^i, which is a {0,0} weighted quantity, we get from the commutator 

(fj'a' - d'i>') (t>i = p'd'(t>i + u'd^i - f f^Vi - '^'i'<^i (44) 

that 

pr] + (?!)o*4 - 2A<^2 = 0. (45) 

The other commutators on are identically satisfied or reproduce the same conditions as 
already found. 

Last, we calculate the commutators for which is a {—2,0} weighted quantity. Prom 

{^^' - ^'^) (t>2 = {f- T')d(f>2 + (r - f')d'(j)2 + 2(-tt' + $11 - A)(j)2 (46) 

we get 

f>?7 = -2A(f>2. (47) 

Next, 



gives 



From 



we get 



{i>'d' - d'i>') ct>2 = p'd'ct>2 + a'd4>2 - f^'4>2 - - 2{pk' - Ta')<i>2 (48) 

d'r] = fr]- 2(^1*4. (49) 
{^'d - d^') (t>2 = p'd4>2 + a'd'4>2 - T^'h - K'i>(l)2 - 2{-p't + ^i2)h (50) 



dr] = TTj. (51) 

Finally, we have that 

{&& - d'd) <t>2 = ip' - p')H2 + (p - p)i>'4>2 - 2{pp' - $11 - A)cf>2, (52) 



which gives us that 



{p - p)rj + 2A02 = 0. (53) 

The two other commutators for <j)2 give no new information. 

Cohecting the results from the commutators we have the following conditions 

(poA = 0, (54a) 

(piA = 0, (54b) 

pr] + (j)o^4 - 2K(t)2 = 0, (54c) 

[p - p)ri + 2A02 = 0, (54d) 

|)r/ = -2A(/.2, (54e) 

dr] = TT], (54f) 

d'r] = fr] - 2(f>i'^4. (54g) 

If A 7^ 0, then this implies that (pQ = <j)i = 0. The Maxwell equations (I37p then imply that p = 
and this in turn, by (j54p . implies that 02 = 0. Thus, if A is non-zero, then the electromagnetic 
field vanishes. In the case of a covariantly constant electromagnetic field we have r] = and we 
get directly that A = 0. Hence, 

Theorem 3. // the Chevreton tensor of a source- free Einstein- Maxwell spacetime is trace-free, 
the cosmological constant must he zero, A = 0. 

Hence, we have that 

p$ + (pQ^A = 0, (55a) 

p = p, (55b) 

Jar/ = 0, (55c) 

drj = TTj, (55d) 

d'r} = fr]- 201*4. (55e) 

Thus, source-free Einstein-Maxwell spacetimes with non-vanishing trace-free Chevreton tensor 
satisfy (f37|) . ([38]) . and ([55]) . If we look at spacetimes with a zero cosmological constant, then we 
will see in the next section that these are also the conditions for source-free Einstein-Maxwell 
spacetimes to have a vanishing Bach tensor. 



3 Relation to the Bach tensor 

In this section we examine the relation between the Bach tensor and the trace of the Chevreton 
tensor, Hab- We can rewrite the trace by the Leibniz rule as 

Hab = -'i^ CC"^ AB^'~^^ ^A'B' = -0{(pAB'fA' B') + ^ABO(fA'B' + ^A'B'OifAB, (56) 

where □ = VVq. Using the Maxwell wave equation [22j . 

OyPAB = 2^ABCDV^^ - SAy^AB, (57) 
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this equals 

-niipAB'PA'B') + 2ipAB'p'~^'^''^A'B'C'D' + 2ipA'B'^'^^^ ABCD - IGAifAB'PA' B' , (58) 
or, rewritten in terms of the energy-momentum tensor and the cosmological constant, 

11 2 

Hab = —^OTab + -Cacbd.T'^ — ^ ATafe. (59) 

If we now use the Einstein equations ([6]) we get 

11 2 1 

Hab = ^^Rab — -jCacbd.R'^ + -^K^-ab - ^Rdab) , (60) 



which is a purely geometric description of Hab- This relation was derived in [13]. Now, since 
Hab is divergence-free, symmetric and trace-free, and since it is a combination of the Einstein 
tensor, a term that is quadratic in the Riemann tensor, and a double derivative of the Riemann 
tensor, Hab should be a linear combination of the completely known tensors with these properties 

We will show that Hab is related to the conformally well-behaved Bach tensor, which is 
defined by [22] 

Bab = ^^^'''Cacbd — '^R'^'^Cacbd- (61) 

The first term of the right-hand side can be rewritten as 

V^V^Cacbd =V^^'V^^' eA'CeB'D'^^ABCD + CC = V^A'V^B'-^ABCD + CC 
=V^A'{2^B'E'^A^'^BC) + CC 

=2V^ A'(PB'E'^ A^' 'PBC + 2(pB'E'^^ A'^ A^' fBC + CC 

=Hab + 2^B>E'^^A'^c'^'H^AB + CC, (62) 



where the Bianchi identity ()13p was used in the second step and "cc" denotes the complex 
conjugate. Now, by use of the Maxwell wave equation ([57|) . Einstien's equations dll), and the 
fact that the trace of a symmetric spinor index pair vanishes, 

(J 1 E' \ 

V A' Vc '^AB = - ^A' VAB - l^^A' □V'AB 

E' F E^ F E' CD A £/' 

=^A' A <^FB + ^A' B VAF - £A' V ^ ABCD + 4AeA' ^AB 

= - EA' ^' ^ABCD + 4 AeA' ^ VaB . (63) 



Hence, 



or, using (j61|) . 



^""^ Cacbd =Hab - 2ipA'B'^ ^ABCD + SAifAB'PA'B' + CC. 

=2Hab + \ R^'Cacbd + 4Ar,b , (64) 



Bab = 2Hab + ^XTab. (65) 



Note that we have here the Bach tensor written completely in terms of the electromagnetic field 
and its covariant derivative. 
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Theorem 4. In Einstein-Maxwell spacetimes with a source-free electromagnetic field, the Bach 
tensor, Bah, is related to the trace of the Chevreton tensor, Hab, by 

Bab = 2Hab + \\Tab, (66) 

where Tab is the energy-momentum tensor and A is the cosmological constant. 

We note that this resuh is not related to the conformally invariant theory of gravitation 
and electromagnetism, Bab = 167r/c^r(jb, suggested by Merkulov [18j, since we have used the 
Einstein-Maxwell equations. 



4 Conformally Einstein spaces 

In this section we look at the integrability conditions for a source-free Einstein-Maxwell space- 
time to be conformal to (i.e., have the same null cone structure as) an Einstein space. 

A spacetime is said to be conformal to an Einstein space if there exists a conformal trans- 
formation (jab = e^^Qab such that in the transformed spacetime we have 

Rab - \Rgab = 0. (67) 

The vanishing of the Bach tensor is a necessary - but not sufficient - condition for a spacetime 
to be conformally related to an Einstein space [16] . Useful sufficiency conditions have been 
given for Petrov types I, II, D, where the invariant J = ^ abcd^^^ ef^^^^^ , and 
III, where J = [121 EH]; but Petrov type N (also J = 0) has proven to be very difficult to 
analyze [111 [26] . All Petrov type O spacetimes are conformally flat |23j , so they are trivially 
conformally Einstein spaces. If we restrict our study to Einstein-Maxwell spacetimes with a zero 
cosmological constant, then theorem H] tells us that the vanishing of the Bach tensor is equivalent 
to the Chevreton tensor being trace-free. For the case of Einstein-Maxwell spacetimes with a 
cosmological constant, the vanishing of the Bach tensor gives the equation 

^CC'^AB^^^' "^A'D' = 4:AipAB'PA'B', (68) 

which is a much more difficult equation to analyze. Hence, we assume that the cosmological 
constant is zero and theorem [2] then restricts us to Petrov type N. 

To find the conformally Einstein solutions we will use the fact that they are a subclass of 
the conformally C-spaces, which satisfy 

^""Cabcd = 0. (69) 

Hence, a spacetime is conformal to a C-space if and only if there exists a smooth real scalar il. 
such that 

V^^'{e''^ABCD) = (70) 
and this implies for Petrov type N that 

K = a = 0, 

m^r-!^. (71) 
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In our case the Bianchi equations ([38]) together with the fact that is real valued give us that 

on = 2^. (72) 

By equations (|55p the above reality condition is already satisfied. Let Jj'Q = A, which is of 
spin-boost weight {—1, — !}• We now use the commutators to extract integrability conditions 
for a conformally C-space. The first commutator for Q gives us 

- = (f - T')dn + (r - f')d'n, (73) 



or 

H = 2i>'(|2, + 2(f-r')|5 + 2(r-f')^, (74) 

W4 W4 ^4 

The second commutator 

i^d - di>)n = pdn - f'i>n (75) 

is identically satisfied. The third commutator 

- d'i>')n = p'd'n + a'dn - f^'n - K'i>n (76) 

gives us that 

d'A = 2^'{^) - 2^ - 2^ + 2^ + fA. (77) 
^'4 ^'4 W4 W4 

The last commutator 

{dd' - d'd)n = {p' - p')'^n (78) 

gives us that 

^a'*4 - ^ = ^9^4 - ^ (79) 

^-4 ^-4 



If we further demand that the spacetime is conformal to an Einstein space then |21] 

^ABA'B' = ^ A{A>'^B')B - A(A''^ B')B , (80) 

where Taa' = V^J^, must be satisfied. The o'^o^o^ , o"^o^l^ , and o'^o^l'^ compo- 
nents are identically satisfied, while o^l^l^ gives 

dA = 2—— + 2<f>i^2 - 2—^ 2——, (81) 

W4 W4 W4 
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4 R 4' R' 

i^i^L i gives 



i,'A = 24„h + A--2?^-2'^, (82) 



and finally o l o l gives 

M = #101 - 2^ - 2^ - 2d{tl) -pA- 2^ + 2^ + 4^i^. (83) 

*^ ^-4 ^-4 ^ *4 ^4 ^'4 ^4*4 

If the space is also conformally Ricci-flat, Rat = 0, then 

V"VaJ^ + V'nVa^ = 0. (84) 



5 Solutions 

In this section we will give the source-free Einstein-Maxwell spacetimes with trace- free Chevreton 
tensor. These are spacetimes with a zero cosmological constant and vanishing Bach tensor. 
Among these we will then look for conformally Einstein space solutions. 

First, the two Petrov type O solutions (fT5|) and ([33]) are both conformally flat, Rated = 
and are thus trivially conformally Einstein spaces. 

The Petrov type N solutions are divided into different cases, depending on whether the 
electromagnetic field and the Weyl tensor are aligned or not. They are said to be aligned if [25] 

^ABCD^^^ = 0, (85) 



or 

OAOB'P^^ = 0. (86) 

This means that the Weyl tensor and the electromagnetic field have a common principal null 
direction, oa- The aligned case will be further divided into a null or non-null electromagnetic 
field. 



5.1 Non-aligned 

The general Petrov type N non-aligned non-null Einstein-Maxwell solution [25] was found by 
Cahen and Leroy [8] and by Szekeres [27], and it is given by 

ds2 = - 1 cos2 (ar) (dx^ + dy^) + 2b (^2r + ^l^i^^ ^udx 

+ Mudr - ^ (2b^ sin^ (ar) - 2e^" - raa'^) dn^, (87) 



where 



a = a{x, u) = g{u)cosech (e"x + f{u)) , (88) 
5 = 6(x,u) = -e"coth(e"x + /(«)), (89) 
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and g = g{u) ^ and / = f{u) are arbitrary^. As can be checked, with for example GRTensorll 
H , the Bach tensor vanishes for these spacetimes. This result does not seem to have been noticed 
before. 

We will now analyze this case for conformal Einstein space solutions. We have that (j)Q ^ 
and by a null rotation about oa we set 4>i = 0. From equation (f55|l we have that 

V = , (90) 

P 

and taking a ^'-derivative and using ()55p we get 

= (91) 

Our Maxwell equations ([37|) give us 



i><Po = 0, i><P2 = 0, 

dcl)o = 0, d^2 = 0, 

9^0 = 0, d'(P2 = 0, 



i>'^o = 0, |^V2 = -^, (92) 



and 



(Pqk' = -4)2T, (poa' = -(j)2P, p' = t' = 0. (93) 

The equations for the conformal scalar are 

f'^^ = (94) 
P 

an = 0, (95) 

i>'n = A. (96) 

The integrability conditions for conformal C-space are 

i>A = 5?f>V, (97) 
P^ 

d'A = + fA, (98) 



while the conditions for conformally Einstein space give us that 



M = -M-^, (99) 
P 

OA = 0, (100) 

^'A = ^22 + A'^. (101) 



^The coordinate transformation x' — x + e "/(ii) makes computations in GRTensorll considerably faster. 
^This is a package which runs within MAPLE and is available from address http://grtensor.org 
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Hence, 



A = -t^^ (102) 
(t>opr 





(Po-r 


*4 = 


4>2P fi^'r _ ^'f\ 
(po \ T f J 






(l>of 


(por' 



and we thus get the followmg conditions 

(103) 
(104) 
(105) 

Given these conditions the commutators for A and p are identically satisfied. We see that the 
gradient of is proportional to the gradient of p, 

TO ^00 I. 

p(/52 + $oo) 

i.'n = - h'p, (106) 

p(r + ^oo) 

and since $oo is constant with respect to the GHP derivatives, we can integrate this to 

n = [ -4^dp = i m ((^^) + c, (107) 

where the constant C can be set to zero. 

The null rotated (0i = 0) and coordinate transformed form of the metric (I87p is given by 

ds^ = - ^ cos^ (ar) (dx^ + dy^) + (^irb + 2 ^^^^^'^"'^^ + cos^ (ar)/i^ dudx + 4dndr 

1 / 9, ,,9 6/isin(2ar) 6^ cos^ (ar) e^" g' , \ 9 . ^ 
- - cos^ (ar /i^ + 4 ^ ^ - 16 + 16^ - 8r— - 8rbx du^, (108 

2 V « 9"^ g J 

where 

a = a(x,u) = (7(ti)cosech(e"x), (109) 
b = b(x, u) = -e" coth(e"x), (110) 

and g = g{u) 7^ and h = h{u) are arbitrary. For this metric, the conformal scalar 17 would be 
given by 

Q = -^lnsin2(ar), (111) 
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but the conformal metric gab = e^^Qab has ^22 7^ and is thus not an Einstein space. This is due 
to the fact that among the integrabiUty conditions given above, pU4p is not satisfied. We note 
however that this metric represents a conformahy C-space with vanishing Bach tensor and we 
have a situation which differs from Petrov types I, II, and D. If these spacetimes are conformal 
to C-spaces and have a vanishing Bach tensor then they are conformal to Einstein spaces |16j. 

Given that the metric (j87p represents the general non-aligned solution, we draw the conclu- 
sion that there are no Einstein-Maxwell spacetimes conformal to Einstein spaces in this class. 
We were unable to find a contradiction directly by using the commutators, though we note that 
if we restrict to conformally Ricci-flat spaces then (fMl) yields 

Aip" + $00) = 0, (112) 

which is a contradiction. 

5.2 Aligned, non-null electromagnetic field 

Here, 1^0 = 0, 0i 7^ 0. By a null rotation we set 02 = and the Maxwell equations (j37|) are 
reduced to 

p' = t' = a' = 0, (113) 
r/ = 2K'0i- (114) 

The general aligned non-null solutions are known [8l|27], though not given on closed form. The 
solutions are quite complicated, so we therefore integrated the subset with trace- free Chevreton 
tensor directly. The integration procedure is given in appendix |Al and we find that our solutions 
are given (with = x and = y) by 

ds^ = 2($iir2 - U°{x, y, u))du^ + 2dudr - ,J dx^ + dy^), (115) 

2P{x,yy 



with 



This metric was given in [27j (without stating that = 0), though it was not known that the 
Bach tensor vanished. If we look for conformal Einstein space solutions, the conformal scalar 
should satisfy 



= 0, (118) 

dn = 2<i>u4-, (119) 

i>'n = A. (120) 
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The integrability conditions for conformally C-spaces are 

i>A = 0, (121) 
dA = 2^ni^'{^), (122) 

^d'^, = ^d^,. (123) 

The last condition here is not generally satisfied, as can be checked with for example GRtensorll. 
Hence, in the general case, these spacetimes have a vanishing Bach tensor but are not conformally 
C-spaces and therefore not conformally Einstein spaces. 
The conditions for conformal Einstein spaces are 

dA=^—, (124) 

^ ^-4 ^-4 

i,A = 2<^u - 2^nd{^) + ^<^li~. (126) 

The commutator [f>,J>']^ yields 2^iiA = 0, so we must take ^ = 0, which reduces our integra- 
bility conditions to 

^^^'k' = At'f)'^'4, (127) 

^^k'^ + 4'4k'2 = 0. (129) 

The equation for conformally Ricci-flat space yields 

^4^4 + A^UKK=0, (130) 

so conformally Einstein spaces in this class must be proper conformally Einstein spaces, i.e., not 
conformally Ricci-flat. 

The first integrability condition ()127p translates (using z = x + iy and the results from 
appendix lAll into 

Q2JJ0 Q2JJ0 ^ Qjjo gSjjo 

dz"^ dzdu dz dz'^du 

with solution 



U'' = f{u)g{z)+f{u)g{z). (132) 
In the simple case when g{z) = z the third integrability condition translates to 

-dP „, .dP 



/W^ + /W^=0, (133) 
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which gives 



dP dP 

U° = h(u)(az + az), a— + a— = 0, (134) 

oz dz 



where h{u) is real and a is a constant satisfying \a\ = 1. We rotate the xy-plane such that 

U° = h{u)x. (135) 
This then impUes that P = P{y) and we can give the expUcit solution to equation ()116p . 

1$„ I e2Ci?y+2C2 

where Ci and C2 are constants. The conformal scalar can then be integrated to 

^ = (^ c|>,,-e2Ci.+2C. J ' (137) 

and it transforms the spacetime into an Einstein space. Hence, the metric ()115p satisfying (jl35p 
and ()136p is conformal to an Einstein space. 

In the general case (|132p , we are not able to solve the differential equations of the integrability 
conditions. The third integrability condition ()129p becomes 

which implies 



U° = h{u){ag{z)-rag{z)), (139) 

where /i(ti) is real and a is a constant satisfying \a\ = 1. (The other possibility, that + 

= 0, yields '^qIq^ — 0) which is a contradiction.) 
The second integrability condition (I129p yields the equation 



dg fdPV dPd'^g d'^Pdg I ^od^g 1 « (§f 



dzXdz dz dz^ dz'^ dz 2 dz^ ^ 4 



(140) 



which we are not able to analyze further. From the simple case g{z) = z we know at least that 
the set of conformally Einstein spaces in this class is not empty. 

5.3 Aligned, null electromagnetic field 

Here, (j)o = (pi = and our Maxwell equations (f3T|) give us that p = t = 0. As we see from 
the Bianchi identity (jlSp . these spacetimes are C-spaces. The integrability conditions for the 
conformal scalar are then trivially 

1>Q = 0, i>A = 0, (141) 

dn = 0, dA = 0, (142) 

= A. (143) 
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The conditions for conformally Einstein spaces are 



^'A = <!>22 + A\ (144) 

The commutators for A are identically satisfied, so we get no further integrability conditions. 
Hence, all these spacetimes are conformally Einstein spaces. In fact, since the conformal scalar 
here satisfies V^Vail = V^riVafi = 0, these spacetimes are conformally Ricci-flat (|84p. These 
solutions were found by Van den Bergh [12]. They belong to the family of pp waves and are 
given by 



ds^ = -2dCdC + 2dnd't; + 2 (^/(C, u) + /(C, u) + KoCC{F{u)fj du^, (145) 

where f{C, u) is analytic in and both /(C, u) and F{u) depend arbitrarily on u. The coordinate 
transformation C = (^/F{u) brings the metric into the form 

ds^ = -2F(u)dCdC - F^{u)du (CdC + CdC) + '^dudv 

-XFi{u)f 



+ 2 (^/(C, u) + /(C, u) + KoCCFiu) - CC^^^^j du', (146) 

where ^22 = '^o ^ind we can find an explicit solution for the conformal scalar 0, which gives the 
Ricci-flat metric, 

n{u) = In (sin2(n^ + C)) . (147) 



6 Conclusion 

We have given the characterization of all source-free Einstein-Maxwell spacetimes for which the 
Chevreton electromagnetic superenergy tensor is trace-free. This is equivalent to the Chevreton 
tensor being of pure-radiation type, 

Habcd oc IJblJd, (148) 

where la is a null vector. This also implies that the spacetime must be of Petrov type N or 
O and that the cosmological constant must be zero. The connection between the trace of the 
Chevreton tensor and the Bach tensor is given by 

Bab = 2Hab + hXab- (149) 



We find all source-free Einstein-Maxwell spacetimes with a zero cosmological constant that have 
a vanishing Bach tensor. We use this to study the spacetimes which are conformally related to 
Einstein spaces. The result is given in the following table 



Petrov type 


Electromagnetic field 


Chevreton 


Conformally Einstein 


Metric 


O 


non-null 





conformally flat 


m 


O 


null 


oc lahlJd 


conformally flat 




N 


non-aligned, non-null 


OC IJblJd 


no 




N 


aligned, non-null 


OC lahlJd 


some 


(I115P 


N 


aligned, null 


OC lahlJd 


conformally Ricci-flat 


(11451) 
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All these metrics are previously known. The first two cases are trivially conformally Einstein 
spaces, since they are of Petrov type O. 

The third case is interesting, because it is a conformally C-space with a vanishing Bach 
tensor, but it is not conformal to an Einstein space. It seems that the only previously found 
example of a spacetime (not necessarily Einstein-Maxwell) with these properties is the one found 
by Nurowski and Plebariski [20j . 



2 11 1 

-dx^ — dy^ H — (dx + y'^du){ydr H dx y^du) 

3 9 9 



(150) 



It belongs to the Fefferman class of metrics which is of Petrov type N and the principal null 
direction of the Weyl tensor is geodetic, shear-free, twisting, and a conformal Killing vector field. 

In the fourth case we have a situation where we have spacetimes with a vanishing Bach tensor 
that in the general case are not even conformally C-spaces. We have not been able to determine 
the full subset of spacetimes that are conformal to Einstein spaces, but we found some explicit 
examples. These are proper conformally Einstein spaces, i.e., not conformally Ricci-flat, and to 
our knowledge this is the first example of such Einstein-Maxwell spacetimes. 

In the last case we find that all spacetimes are necessary conformally Ricci-flat. These were 
previously found by Van den Bergh [12] . 
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A Integration of the aligned non-null solution 

The metric (|115p representing the aligned non-null Einstein-Maxwell spacetime with vanishing 
Bach tensor was given in [27J, though without details. We need the expressions for the spin 
coefficients to analyze possible conformally Einstein space solutions and we therefore give a 
brief review of the integration in the NP formalism. We follow the coordinate choices of [19] 
quite closely. 

With P equal to a gradient and m^, n'^ parallelly propagated, both 0i and (/)2 are independent 
of r, so with a null rotation we set 02 = and we have the following setup 

l^" = 61^, (151) 
n^* = 5f + U6!^ + XMf , (152) 
m^ = cj(5^ + f5f, (153) 

where i = 3, 4 and x^ = -u, x^ = r and 

K = a = p = T = iJ, = X = TT = e = A = (po = (p2 = 0, a = —P, i] = —Icpiu. (154) 
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Radial integration yields 

*4 = ^4, e = c, (155) 

a = a° , oj = u° , (156) 

7 = $iir + i7°, X' = X°\ (157) 

v = v°, [/ = -$iir2 + C/°, (158) 

where we have set 7° real by a shift of the r-origin. Prom the two NP equations 

— Aa — 57 = a(7 — 7), (159) 
Aa — ^7 = q;(7 — 7), (160) 

we extract a; = 0. By use of coordinate freedom and a spatial rotation we set 
with P real. Now, 

« = 2P|. 5 = 2P|. (162) 
with 2; = a;^ + ix'^. The transverse metric equation 

5X°' - AC = -2i7°r' (163) 

gives S{X°^ + ?X°^) = and we can use our coordinate freedom to set X°^ = = 0. Left 
from the above equation is now 

dP dP 
AP = 2ij°P ^ — = 2ij°P ^ 7° = = 0, (164) 

ou ou 

since both P and 7° are real. Prom the remaining NP and metric equations we now get 



and the conditions 



InP 



dzdz 



0. (167) 
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